We have determined the irregular primes below 12 5000 and tabulated their distribution. Two primes of index five of irregularity were found, namely 78233 and 94693. Fermat's Last Theorem has been verified for all exponents up to 125000. We computed the cyclotomic invariants u \ v , and found that u" = 0 for all p < 12 5000. The complete factorizations of the numerators of the Bernoulli numbers B2k for 2k « 60 and of the Euler numbers E2k for 2k < 42 are given.
1. Introduction. A pair (p, 2k) is called irregular if the prime p divides the numerator of the Bernoulli number B2k and 2k is an even integer between 1 and p -2.
We use the even index notation for the Bernoulli numbers. The index of irregularity of a prime p is the number of 2&'s for which (p, 2k) is irregular. The prime p is called regular when this index vanishes and irregular otherwise. Regularity plays an important role in proving Fermat's "Last Theorem" for the exponent p, as will be explained in Section 4. We have verified that Fermat's conjecture is correct for all exponents up to 125000.
Two tables of irregular prime pairs and other information were deposited by the author in the UMT files. They cover the ranges p < 100000 and 100000 < p < 125000, and extend Johnson's table [10] of 1975 which gives practically the same information for p < 30000. Our most exciting result was the discovery of two primes of index 5 of irregularity, namely 78233 and 94693. Selfridge andPollack [16] found two primes of index 4 below 25000; we found 14 more of them. Table 1 gives the known primes of index 4 and 5. No primes of index greater than 5 were discovered. To Johnson's historical summary of work on irregular primes in [10] we add that in 1976, Hideo Wada [20] found the irregular pairs with p < 32768. His work agrees completely with Johnson's results and ours to that limit.
In Section 2, we tell how the irregular pairs were found. The next section describes the distribution of the pairs. The connection with Fermat's "Last Theorem" and the Iwasawa invariants is discussed in Section 4 and Section 5. Section 6 presents work of Selfridge, Wunderlich and the author in factoring the first few Bernoulli and Euler numbers. The last section deals with computational details.
2. Determination of the Irregular Pairs. The congruences listed below were used in finding the irregular pairs. Let c(x, y, z) = xp~2k + yp~2k -zp~2k -1.
Then, at least for primes p > 8 and 2 < 2k < p -3, we have (1) c (3, 4, 6) A proof of (4) may be found in [19, p. 574] , while (5) is due to E. Lehmer [12] ;
the first three are well-known corollaries of Voronoi's congruence. Note that the sums in (1) and (2) have about p/12 terms each, while those in (3) and (4) have a total of about p/10 and p/15 terms, respectively. In the early stages of this work (p from 30000 to about 46000) we began by computing the sum in (1) . If it vanished (mod p), we evaluated c (3, 4, 6) . If this coefficient was nonzero (mod p), we had shown that (p, 2k) was irregular. Otherwise, we computed the coefficients in (2) and (3) to seek a definitive test for regularity.
In case both coefficients vanished we used (5), which was always decisive.
When we learned of (4) from Johnson, we modified the program to use it first.
If it did not decide the regularity of the pair, then we tried the other four congruences in the order shown. This procedure was used for 46000 < p < 125000.
It is remarkable that for any irregular pair (p, 2k) with p < 125000, at most one of the coefficients in congruences (1)- (4) vanishes (mod p), so that any two of them are sufficient to prove the irregularity of (p, 2k). Furthermore, the regularity of any regular pair (p, 2k) with 30000 < p < 125000 can be proved using only the five congruences. The other congruences of E. Lehmer [12] were not needed.
It is clear that congruences like (1) to (4) with fewer terms in the sums would provide a swifter test for regularity. At the beginning of this work we searched for congruences like (1) to (3) with sums taken over as many as four intervals on s whose endpoints were integer multiples of \/n with n < 120, as well as some larger n, but found nothing better than (1) and (2). We did not try multiplying the sums by coefficients and thus did not discover (4) . Perhaps one could prove that no congruence of the form
ap/n<s<bp/n ep/n<s<fp/n with 0 < a < ¿> < • ■ ■ <e <f<n, which holds for 2 < 2k < p -3 and all sufficiently large primes p, can have fewer than a total of about p/12 terms in the sums. Apparently, the question is still unsettled, but we note that (p, (p -l)/2) is regular for p < 125000. Occasionally, an irregular pair (p, 2k) satisfies p = ± 1 (mod 2k).
We found that among the irregular pairs in the range p < 125000 we havep = 1 (mod His assumption was that the numerators of the B2k are uniformly distributed modulo q for all odd primes q.
As Johnson remarked [10] , the same hypothesis predicts that the index of irregularity of primes satisfies a Poisson distribution with mean 1/2. This means that the fraction of primes below a given limit with index s of irregularity should be approximately e~xl2/s\2s. Wooldridge [21] has given the details of this heuristic reasoning (independently of Johnson). For x > 0 let ~ns(x) denote the number of primes not exceeding x with index s of irregularity. Let 7r(x) be the number of odd primes below x and us(x) = Tts(x)/-n(x). In the table below we give tts(x) and us(x) for x = 125000, and 0 < s < 5. The data support the hypothesis very well, especially since a change of 1 in it(x) (to include 2 or discard 3, say) would alter the fourth significant figure of us(x), [23] and [7] .) In particular, there are infinitely many irregular primes. Whether there are infinitely many regular primes is unknown. Johnson [10] found that the irregular primes below 30000 are distributed quite evenly among the reduced residue classes of various moduli. Wooldridge [21] tabulated the distribution of irregular primes below 30000 in residue classes modulo m for 3 < m < 36. We extended his count to 125000 and added the first three irregular primes, 37, 59, and 67 as moduli.
The results strongly suggest that the irregular primes are asymptotically distributed Wooldridge [21] studied the distribution of the numbers 2k/p for which (p, 2k)
is an irregular pair with p < 30000. The data led to his conjecture that these num- Thus, irregular pairs may be considered as obstructions to proving FLT, which are removable if Qr2k ^ 1 (mod P) holds.
For every p, the choices r = 2 and the least possible prime P always led to a successful application of the criterion. The value of P was frequently about p log p, as one would expect, and r was always much smaller than p. The tables deposited in the UMT files give P, r, d (mod P -1), Q2k (mod P), and Qr2k (mod P) for each 
Computation of the Iwasawa Invariants.
For an odd prime p and n > 0, let pe("^ be the highest power of p which divides the class number of the cyclotomic field of p" + 1st roots of unity over the rationals. Iwasawa [5] showed that e(n) = \ n + p pn + up for all sufficiently large integers n, where the integers \ , p , vp depend only on p.
The tables we deposited in the UMT file extend to 125000 the tables of Johnson [8] - [10] and Iwasawa and Sims [6] . For each irregular pair, we give the numbers aQ, ax, and t of [9] , the numbers a2 and bx defined in [6] and [10] and the values of "terms" and "sum" of [8] . All the results concerning Bernoulli numbers, FLT, and the Iwasawa invariants which are stated in these four papers and in [22] hold true to 125000, for example, p = 0 while A and v each equal the index of irregularity of p. ators before P20 axe either prime or unity, and so are omitted. Table 2 is the first extensive one of its kind, although others have factored the first few. M. Ohm [15] reported on an early attempt to factor some Bernoulli numerators. J. Bertrand [2] has factored them as far as P34.
We decided to prepare a factor Four IBM computers at the University of Illinois were used in the project. Most jobs were run during vacations and on weekends. The first program was written entirely in 360 assembler language. The other three had FORTRAN main programs and one or more assembler subroutines.
All of the jobs for the primes between 107000 and 108000 were repeated because we suspected (wrongly) that the computer which did them the first time might have had memory read errors. The first program for about another 100 primes was also run twice for a variety of reasons: output misplaced and later found, only printed or punched output was obtained, etc. In every case when we got legible output for two runs for the same prime, the results were identical. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
